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Abstract. In 2007, assuming the Riemann Hypothesis (RH), Soundararajan 
ITT1 proved that f Q T |f(l/2 + it)\ 2k dt < fejE T(logT) fe2+e for every k positive 
real number and every e > 0. In this paper I generalized his methods to 
find upper bounds for shifted moments. We also obtained their lower bounds 
and conjectured asymptotic formulas based on Random matrix model, which 
is analogous to Keating and Snaith's work. These upper and lower bounds 
suggest that the correlation of +it + ia\)\ and +it + ia2)\ transition 
at |ai— CK2 1 ~ log T ■ In particular these distribution appear independent when 
\a\ — Q2I is much larger than t . 



1. Introduction 

Finding moments of the Riemman zeta function £(s) is an important problem in 
analytic number theory, especially the moments on the critical line: 

M k {T) := / \C(h + tt)\ 2k dt. 
Jo 

Extensive work has been done to find an asymptotic formula for Mfe(T); however, 
the only unconditional results in this direction are proven for k = 1, due to Hardy 
and Littlewood, and k — 2, due to Ingham [14] . Assuming the Riemann hypothesis 

(RH), good upper and lower bounds are available. Ramachandra [8] proved that 

,2 

for any positive real integer k, Affe(T) 3> Tlog" T. Later in 2007, Soundararajan 
[llj showed that for every positive real number k and every e > 

(1) M k (T)^ Ke T(logTf+\ 

In 2000, Keating and Snaith [4] conjectured an asymptotic formula for Mk{T), 
for every positive integer k, based on the random matrix model for the zeros of 
C(s). They suggested that the value distribution of C(l/2 + it) is related to that 
of the characteristic polynomials of random unitary matrices, A(e l6 ) :— On=i(^ ~ 
e i(e n -0)y Therefore they computed the moments of the characteristic polynomials 
to arrive at a conjecture for Mk{T) and showed that 

(2) 9u(N,k) := / |A(e^)| 2 * dU N ~ ^t^N*\ 

Ju(N) G(2k + 1) 
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where G is the Barnes G- function. Using the scaling N = log ^ , this led them to 
conjecture that M k (T) ~ a (k)£r&&T log* T, where 

(3) «(fc)-n(( i -^) fc2 E(^)v™)- 

p m— 

This conjecture agrees with the known results for k — 1, 2. 

A generalization of the moments of £(s) are the shifted moments, defined as 



2i-„ 



dt, 



(4) M k (T,c?)= / |C(5 + ^< + ^al)| 2 ' £l |C(5+ ^^ + ^ «2)| 2fc2 ...|C(|+^ + ^am)l 

Jo 

where k = (fci, fc m ) is a sequence of positive real numbers and a = (ax, ...a m ), 
where on ^ oij when i ^ j, |a» — ay| = 0(1), and a, = O(logT). Also a, = aj(T) is 
a real valued function in terms of T such that limj^oo at logT and limT^oo(c*i — 
otj) logT exists or equals ±oo. 

Conrey, Farmer, Keating, Rubinstein and Snaith 1 gave a general recipe from 
which an asymptotic formula for the shifted moments of the Riemann zeta function 
may be conjectured. However, it is not immediately clear from their recipe what the 
leading asymptotic term for these shifted moments should be, and this is elucidated 
by Kosters in [6|. Specifically, based on the work in pQ, Kosters conjectures that 
for any To > 1 and /ii, [Im € K, 

(5) Jim ^ n ^ )M2 [^\ah+it + i^)\ 2 ...m+it + i 2 ^f)\ 2 dt 
a{M) 



t^oc T(logT)^ 2 J To 



■ det(6jfe)j i fc = i ) ... ) jy, 



A 2 (2^!,...,2^ A f) 

where A(x 1 ,..,x n ) = \~[i <J<k<n ( x k - a(M) is defined in fl3]), and b jk = 
sin 7r(pj-^ fc ) ^ ■ i , an( j j otherwise. Note that in the case where two or more of 

T(/^-/ifc) J 7 ' 

/i^s are equal, the right hand side is defined as the continuous extension. 

Inspired by the above work, we are interested in studying the shifted moments 
M(k,k) (T, («i , 0L2)), where A; is a positive integer. This will help us to understand the 
correlation between the values of £(| +it+iot\) and £(i -\-it-\-ia-z). As stated at the 
beginning, it is difficult to compute M^ kk ^ (T, (a.\, a^))- Hence we will start by for- 
mulating a conjecture for its asymptotic formula based on Keating and Snaith's ran- 
dom matrix model. Specifically, the leading asymptotic term of M( kk ^(T, (ai, a^)) 
is as follows 



^ Tlog 4fc T if lim T ^oo|ai-a 2 |logT = 0, 



Conjecture 1. 

f ~fc rioj 

M (M) (T,(a 1 ,a 2 ))< ~fc,c Tlog 4fc 'T if limzwoo |«i - a 2 \ logT = c ^ 0. 

1 S^ T1 °g 2fe2r if limT^oo|ai-a 2 |logT = oo. 

Note that our conjecture specializes to Kosters's conjecture when ai — «2 = 
c/logT, for some fixed constant cel. We will discuss conjecture [T] in more detail 
in §2. 

Even though we cannot prove the asymptotic formula for Mk(T, a), assuming 
RH, we are able to find similar upper bound to (HJ as in the following theorem. 
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Theorem 1.1. Assume RH. Let k = (fci, ...,fc m ) be a sequence of positive real 
numbers and ~a — (ai, a m ) be defined as in 0). Then for T large, 

M k (T,-£) « M r(logT) fc ? + ^ + -+^+ £ n(niin{ | * r ,logT}) 2kikj . 

\Oti OLj 

To obtain the upper bound above, we follow Soundararajan's techniques for 
finding upper bounds for the moments of Riemann zeta function . Soundarara- 
jan's work is built on Selberg's work on the distribution of log + it)\ [TU]. He 
started from estimating an upper bound for meas(v4(T, V)), where V > 3, and 
A(T, V) = {t € [T, 2T] : log |f(§ + it)\ > V}. Then he observed that 

p2T poo poo 

/ \({l/2+it)\ 2 kdt = - e 2kV d meas(A(T, V)) = 2k e 2kV meas(A(T, V))dV. 

Hence an upper bound for the moment of the Riemann zeta function in |T|) is 
deduced from the upper bound of me&s(A(T, V)). For the shifted moments, we will 
instead estimate 

(6) S(T,V)={t€ [T,2T] :log\C(l+it+ia 1 )\^+...+log\C(l+it+ia m )\ k ^ > V}. 

The rest of our proof of Theorem 11.11 is then analogous to Soundararajan's proof 
of the Theorem in .lTj , except that we are required to use Lemma 13.51 The detail 
of the proof will be discussed in §3. Recently, Soundararajan and Young [12] have 
used a similar version of Lemma 13.51 and similar extension of Soundararajan's work 
to obtain the second moment of quadratic twists of modular L-functions. 

We also establish a lower bound for M k (T, a) unconditionally in Theorem 11.21 
below. 

Theorem 1.2. Unconditionally, for large T, k = (fci, k m ) a sequence of positive 
integers, \cti — aj\ — 0(1) for any i,j — 1, ..,m, and |a»| = O(loglogT), 

M k (T,a) » k)/3 T(logT) fe ?+-+ fc ™ J] (min{ j logT}) 2 ^, 

where 

(7) B :— max { lim la* — aA logT}. 

{(i,j)||a i -a 3 |=0(l/logT)}''T^oo l 

The proof of Theorem 1 1 . 21 uses similar techniques to Rudnick's and Soundarara- 
jan's work on finding lower bounds for the moments of a family of Dirichlet L- 
functions [9]. Let 

(8) Alt) = V ^»l"2... ra ,„^■ d fcl( n l) rf fc2("2)■■■4 m (n m )»^ ^al r^ ^a ^..n- ^a " 

and dkin) = ^2 aia2 ak=n 1 and x = T 1 / 2 . Note that Alt) is a short truncation of 
C(± + it + i ai ) kl ({\ +it + ia 2 ) k2 .-C,(\ +it + ia m ) km . 

We will compute a lower bound for 
(9) 



Si 



C(| + it + *ai) fcl C(^ + it + ia 2 ) k \..C(\ +it + ia m ) k ™A(t)K (j^j 



dt 
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where K(x) is a nonnegative bounded function in C°°(K) and compactly support 
in [1,2]. Also we will find an upper bound for 

S 2 = / \A(t)\ 2 dt. 



By Cauchy-Schwarz's inequality, we obtain 

|C(i + it + iai) 2fel C(i + it + ia 2 ) 2k2 -C{\ + it + ia m ) 2km \ dt 

> J \((±+it + i ai ) 2kl ((± + it + ia 2 ) 2k \.X(^+it + ia m ) 2k ™\K (J^ dt 

> S 2 /(fjA(t)\ 2 K^ dt 
S 2 



Theorem 11.21 will follow from showing that 

Si »k,/3 T(logT) fc ?+- + fc ™ TT (min{ 1 f , logT}) 2 ^ 3 (Lemma[0 



and 

S 2 «k,/3 r(logT) fc ?+-+ fe ™ J] (min{^ , , logT}) 2 ^' 3 (LemmaP. 

i<j 1 J 1 

Again in the case where m = 2, we obtain from Theorem 11.11 and 11.21 that 
T(logT) 2fe2 « M k>k (a u a 2 ) « T(logT) 2fc2+£ 

when limr^oo |ai — a 2 \ logT = oo. Furthermore 

r(logT) 4fe2 « M fe , fc (ai,a 2 ) « T(logT) 4fe2+£ 

when limT->oo |oi — 012 1 logT < 00. the order of the leading asymptotic term of the 
upper and lower bounds for 71^^(01,02) correspond to the one in our conjecture 
Q] The result suggests that the correlation of |£(i + it + icti)\ and \((^ + it + ia 2 )\ 
transition at \a% — a 2 \ ~ \ gT ' ^ n Particular these distribution appear independent 
when |oi — 02I is much larger than lo g T - 

Acknowledgements: I am very grateful to Professor Soundararajan for his guidance 
throughout the making of this paper. I would like to thank Xiannan Li for helpful 
editorial comments. I would like to thank Professor Nina Snaith for suggesting a 
useful reference. 

2. Conjecture for the Shifted Moments 

Based on Keating and Snaith's random matrix model, to conjecture the shifted 
moments Mi k>k -\(T, (01,02)), we need to compute asymptotic formula for 

g ik , k) (N,( ai ,a 2 )):= f \A(e^)\ 2k \A(e^)\ 2k dU N . 

JU(N) 

Clearly, g( k ,k) W {oii,a 2 )) = g( k ,k){N, (0, oi-o 2 )). Using the scaling N = log(T/27r), 
we can derive conjectured] from the following proposition. 
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Proposition 2.1. Let a be fixed functions in term of T such that Yltcin^oo otN 
exists or equals ±00 and a\ ^ nit, where nisinteger. As N — ► 00 we obtain 

^BtTJ^ 2 iflim Jv ^ oo |a|iV = ! 

S( M) (W,(0,a))~^ C k N Ak if lim^oo \a\N = c^0, 



1 -z La \~ 2k2 $?0h N2k2 iflim^ |a|iV = 00, 



2 (2fc+l) 

where C k = lim ^ lv ../i fe — >o ^°t( b j') 3 ,i=i,.-.,2fc ^ ^ j g ^g^ nec | as j n gp. 

Ci+l'-lftt- >C/27T 

The idea of the proof when lim^ |a| A = 00 is similar to the proof of Lemma 3 
in [5]. The result when lim_^ \a\N = c ^ is due to Kosters in [6]. 

Proof. First we begin the proof by the following identity, which will be useful later. 
(10) 

,. gu(N,k) 1 1 f f Ui. j= i V]+ t- Vz A2 ( v i, -;V 2k ) eM^E k j=i(vj -v k +j)) , J 
hm '■ — —r^ — = — — - ; <f> ■■■ tf> — avidv2---dv2k, 



n~,oo N k2 (2iri) 2k (k)l 2 J "'/ H 2 tiVj k 

where we integrate over small circles around Vi — 0. This equation is proved in 
Lemma 5 of [5]. Next from equation (1.5.9) of [T], we have 

g (k , k) (N,(0,a)) = f |A(l)| 2fc |A( e -)| 2fe dU N 

JU{N) 

1 1 / /n?"=i(l-e^ + ^ +2fc )- 1 A 2 (z 1 ,....,z 4fe )ef E^fe-^) 

dzi...dz ik , 



21, 



(27Ti)« (2fc)!2 / - / ^ z 2fc( Zj _ ia) 

where the path of integration encloses za, and 0. 

Case 1: limjv^oc \a\N = 0. 

Let Zj — vj/N. The integral above becomes 

1 1 f / Il?5=i(l - e " )- 1 A 2 ( Ul ,....,^)e2^ 1 ^-^-' 

-tli+U j + 2 fc 

As TV ^00, (1-e iV ) _1 ~ il , and ~ 0. Therefore 



lim 



9(k,k)(N, (0,a)) 



li,j=l Xti — LT_j _)_ 



1 /■ fn^ 1 ^^A 2 (^,....,^)e^?i 1 ^-^) 

dvi...dv4 k 



(2iri) ik (2fc)! 2 / " '/ lli=i^ 4fc 

gu(N,2k) _ G 2 (2fc + 1) 
a££o A^ 4fc2 G(4fc + 1) ' 

where the last line follows from @ and (fluT) . 

Case 2: limjv^oo |a|JV = 00. 

For this case, each contour can be deformed to two small circular contours cen- 
tered respectively at the poles 0, ict. They are connected by two straight line paths 
which cancel each other. Therefore we can consider the contour integral above as 
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a sum of 2 4fe integrals in which each Zj runs over one of the smaller circular paths. 
Let e e {0, 1}, and j tLj be a circle with center ejia and small radius (less than 
\a\/2N). Let 

I(N,k,ei,...,C4k) 

1 1 / / n?li(l-e- Zl+ ^ +2fc )- 1 A 2 (z 1 ,....,z 4fc )eT^ 2 iife^+-) 
- - * - — </: | ...</: 



M** (2*)p j 7£i - j 7e4fe n •=! *f (*, - -) 2fe 

Hence 

/ |A(l)| 2fc |A(e te )| 2fc dtf* = V I(N,k,e 1 ,...,e 4k ). 
Ju W eje{0 .i } 

Now we consider I(N, k, e\, e^). We change varibles Zj — Vj/N+ieja and obtain 

I(N,k,e 1 ,...,e 4k ) 

2k 



TT fl - P n - +<(^+a*-^)°r 1 A 2 r— + *eia — + ze^a) 

2^)i 2 ./:.,, -./: ! „^ 1 (1 } 



ex P(^ Ej^lfa ~ ^+2fc) + ^fe - £j+2fc)a) 



— i>i+Dj + 2fc _ 

For large AT, (1 — e w ) <~ t>~t> +2fc . Since limjv->oo \a\N = oo, as A" — > oo, 
we have 



I(N,k,ei,...,e4 k ) 
1 A^ 8fc " 



4fc ,. ^ 2k 2k 



f-f n ^ n (i-^- (j rnM 2 nH ! 



(27n) 4fe (2fc)! 2 



1 v^2fe ^ S| .„JV 

/ i < ; — < ; + -.'/,- 1 1 

dv\...dv4k- 



As N — > oo, we claim that the main contribution is from terms /(AT, fc, ei, e^k) 
such that both the number of l's among ei, ...e2fc and that among £2fc+i, • ••£4fc equal 
fc. This claim will be proved at the end of the proof of Case 2. There are ( 2 ^) 
such terms. By symmetry, I(N, k, e\, ...tAk) with properties above are all identical. 
In fact the integrand in the equation above is equal to 

2k 2k 

N 



|i _ e fa i- 2 * a TT TT 

1 1 11 V j + 2 k-Vi 11 V j + 2 k-'t>i 



II (^) 2 II 



CX P<2 Z)j = l(^j— "j+2fc)) 



IS 3T 



n , « 



ON THE CORRELATION OF SHIFTED VALUES OF THE RIEMANN ZETA FUNCTION 7 



Therefore as N — > oo, 

|A(l)| 2fe |A(e M )| 2fe dU N ~ ( 7 ) I(N,k, 0, .,0,1, 1, 0, .,0,1, .., 1) 



U(N) 



2kV i i w 2fc , 



2fc N 2 



A: 



#0's=fc #l's=fe #0's=fc #l's=fc 



(2Tri) 4fc (2fc)! 2 1 

rL,i=i 57T^57 A a («i l ....,tfafc)e3cp(|X)j=i( v i-«fcfi)) , 

~ |1 - e»|- 2fc2 ^(iV, *) ~ |1 - e-r^ g^+^ iV 2 ^. 

To complete the proof of Case 2, we will prove the claim above. Let l\ and mi be 
the number of l's among e±, e 2 k and e 2 k+i, £4fc respectively. From the equation 
before the claim, the leading order term of I(N, k, e\, .., C4k) is 

\ \ , M _ e ia \— mi'Jh _ g— ia|— mail 



j\j4k 2 -ekl 1 -6krn 1 +2ll+2ml +2hmi | Q |8fc 2 -2(Zi +mi ) (4fe-ii -mi ) 

1 1 

~ (A^|a|) 4fc2 — 6fcil — 6ferrn+2Zf +2m^+2;iT7ii |o;|4fc 2 ' 

The main contribution comes from terms such that Ak 2 — &kl\ — (Skm\ + 2l\ + 2m 2 + 
1l\m\ is minimum, where < t*i, ki < 2fc. Now let t = l\ +mi. Hence for < ii < i 
and < £ < 4fc, we have 

4fc 2 - 6fcZi - 6fcmi + 2l\ + 2m\ + 2l 1 m 1 = 4fc 2 - 6kt + 2t 2 - 2l x t + 2l\. 

By calculus, the minimum value of the above is — 2fc 2 , which occurs when t = 2k 
and l\ = t/2 = k. This proves the claim. 

Case 3: liniTv^oo \ot\N = c ^ 0. 

By the same arguments as case 1, we obtain 

From equation (1.2) of [6], Kosters showed that 

Um I J] |A(e^)| a ^ = — -— J-—_det(6 i i ,i= 1 ,..., 2fc , 

f- 1 1 j ■ ■ j H'2 k 

where bji is defined as in (J5|. From two equations above, we then have 
(11) hm ^P = C t := hm **%i)i,«=i.....» 



7V 4fe2 mi,-w^o A 2 (27T A ii,..,27r^ 2 fc)' 

jUk+ii-.-t/'afj— >c/27r 

Cfc exists by continuous extension (we will prove this in Appendix 5.1). This con- 
cludes the proof of the proposition. □ 
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3. Proof of Theorem 11.11 
Let S(T, V) be defined as in (O and observe that 

/■2T 

(12) / + it + i ai )\ 2k i\((±+ it + ia 2 )\ 2k \..\<;(±+ it + ia m )\ 2k ™ dt 

Jt 

/OO P oo 

e 2V d meas(5(T, V)) = 2 / e 2V me&s{S(T, V)) dV. 
-oo J —oo 

To prove the upper bound in Theorem 11.11 we need to estimate the measure of 
S(T, V) for large T and all V > 3. Throughout this section, we will let 

W = (k 2 + ... + k 2 n ) log log T + V 2fc l fc, log( min ( ] , , logT)). 

i<j 

Theorem 3.1. Assume RH. Let T be large and V > 3 be a real number. If 
KVloglogT < V < W then 

m eas(5(T^))«T-^e X p(-^(l-^ 

if W< V< \W log W we have 

V ( V 2 ( IV 
meas(S(T, V)) < T—= exp -— 1 



y/W \ W V 4WlogVF 

and «/ iWlogVF < V we have 

meas(S(T, 7)) < Texp (-r^r^logy 

y i2y 

The upper bound in Theorem 11.11 follows from inserting the upper bounds of 
Theorem 13. II in equation (|12p . In fact, we need only the crude upper bound: 

mcas(S(T, V)) « { T ^T)^ ^ K) * 3 ^ ^ 
{ T(logT)°( 1 ) exp(-4F) if 256W < V. 

As mentioned in the introduction, the proof of the theorem is similar to the proof 
of the theorem in |llj . We will exploit the following proposition and lemmas below, 
the proof of which can be found in |llj . 

Proposition 3.2. Assume RH. Let T be large, t € [T,2T], and 2 < x < T 2 . Let 
Ao = 0.4912... denote the unique positive real number satisfying e~ Ao = Ao + Ag/2. 
For A > Ao we have the estimate 

log icd + a)\ < r E — ¥^ + + 0( 

n<ifl2 '-e* logn b ° ° 

Lemma 3.3. Assume RH. Let T < t < 2T, 2 < x < T 2 , and let a > i. T/ien 
A(n) log(x/n) 



y 

n a+lt log n log x 

n<x 



<logloglogT + 0(l) 
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Lemma 3.4. Let T < t < 2T, and 2 < x < T 2 . Let k be a natural number such 
that x k < T/logT. For any complex number a(p) we have 



2T 



a(p) 



p<x p2 



■2k 



alt < Tkl 



\a(jp)\< 



Choosing A = 0.5 in Proposition ^. 21 we obtain that 
(13) \og\C{± + it + ia x )\ kl + ... + \og\Q{-+ it + ia m )\ k " 



< 



'E | l^_o 
n < x 

3(fci 



feiA(n) 



k m A(n) 



<x \n2+is^+ lt+Ml logn 



n i T log x t t 



logn, 



log(x/n) 
logs 



fc m )logT , Q ( \ 



4 log x \ log x 

The contribution of prime powers n = p k , where k > 2, to our sums above is 



negligible by Lemma 13.31 and the triangle inequality. Therefore to finish the proof 
of Theorem 13. 11 we need to bound the sum involving primes as the following. 
From Corollary C of [TT], assuming RH, for all large t we obtain 

'3 logt 



|C(|+ft)|<exp(j 



8 log log 1 1 

3(fci + ...+fc m ) logT 

since T will be large. We define A as 

{ (fci+...+fc m ) 
{kl+ 2 ^ km) W\ogW if W<V<\W\ogW, 
h + ... + k m ifV>±WlogW. 

Let x = T A ' V and z = x 1 / log logT By Lemma [33] and inequality (13]), we have 
log |C(| + ft + «ai)| fcl + ... + log |C(| + it + ia m )\ km 



Therefore to prove Theorem l3.il we can assume that lOVlog logT < V < 1 g i og log t 



AogW if lfVloglogT < V < W, 



where 



and 



< S 1 (t) + S 2 (t) + 
Si(t) = 



3(fci + . 



V 



S 2 (t) = 



E 
E 

z<p<x 



4 A 
(fcip- fal + ... + k mP - ia ^)log^ 



0(log log logT), 



P 



1 i 0.5 

2 + log X 



+H 



logx 



(hp-^ + ... + fc m p-' a ")logf 



1+ o^+it 

P 2 log ^ 



If t £ S(T, V) then we must either have 

7{k 1 + ... + k m ) 



Si(t)>Vi:=V[l 



8A 



or S 2 (t) > 



logx 
(fc 1 + ... + fc m )V r 



8A 



Let 
and 



meas(Si) := {t € [T, 2T] : S x (t) > Vi}, 
meas(S 2 ) := {t G [T,2T] : S 2 (t) >(** + - + fc ™) y 



8A 



}■ 
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The proof of Theorem 13. II will follow easily from Lemma l3~6l below, which is to find 
upper bounds for meas(Si) and meas(S l 2). In order to do this, Lemma 13.51 below is 
crucial for obtaining the upper bounds for meas(Si) in Lemma 13.61 

Lemma 3.5. For \a\ = 0(1), 

Ecos(alogp) , . 1 . 

— i 2^ < log min{ n ,logz} + 1. 

P <z P H 
Proof. We can assume that a is positive. From Theorem 2.7 of [7], 

V - =logloga; + C + ft.(a;); = O ( r-^— 

p<a; 

If z < e 1 '", then logz < - and 

— — < V - = loglogz + 0(1 . 

P ^ P 

p<z p<z 

Otherwise, we can write 

cos(alogp) cos(alogp) cos(alogp) 

p<z r pKe 1 /"- e 1 / a <p<z 

Since |a| = 0(1), the first sum is 

V 1 + Q « al0S ^= log 1+0(1) 
z — ' p a 

p < e l/a f 

By partial summation, the second sum is 

/ cos(alogx) dg(x) 

where 

P 



Then we have 



f i i un i ^ f cos(alogx) [ al °^ cost 

I cos(alogx) a(loglogx) = / ; ax = / at = 0(l), 

y e v« y e i/a xiogx yj t 

and since /i(x) = O(^), 

r z 

cos(alogx) dh(x) = O(l). 



B l/a 

Combining the inequalities above, we obtain the lemma. □ 

Lemma 3.6. Assume RH. Let x,z, A, and V\ be defined as above. We have 

V ( V? \ 
meas(S'i) < T-^=exp [^^j + Texp(-4VlogV), 

and 

meas(S 2 ) < Texp (-(h + ... + k m )—logV 
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Proof. By Lemma [33J for any natural number fc < (k\ + ... + k m )V/A — 1, we obtain 
[ 2T \S 2 (t)\™dt<Tk\( J2 \ kl P~ ,ai+ - + km P~ ,am A <<T(fc(fc 1 +...+fc„ i ) 2 (log 3 T+0(l)))* 
Choosing k — + ... + k m )V/A — lj , we derive that 

meas(S 2 )«T - (2Hog 3 T) fe < Texp (-(fci + ... + fc m )— log!/ J . 
Next we find the upper bound of meas(Si). By Lemma [3T4l for any k < log(T/ log T)/ log 2:, 



k 



« ™|E 



k 

k\ + ...k 2 m + 2J2i<j hkj cos((a, - otj) logp) 



p<z 1 



From Lemma 13.51 and Stirling's formula, for \ot% — aj\ = 0(1), we obtain 

J 2T Is^dt^rVk^ 

Hence 

(kW \ fc 

When V < W 2 , choose fc = LytrJi an d when V > W , choose k — L10V"J. Hence 
meas(Si) « T-JL exp + T exp(-WlogV). 

□ 

This concludes the proof of Theorem 13.11 

4. Proof of Theorem 11.21 



Let A(t) and Mk(T, a) be defined as in (J4j> and (JSj) • Here we add extra con- 
ditions, which are that |ck» j = O(loglogT), and k = (k±, k rn ) is a sequence of 
positive integers. As discussed in the introduction, the proof of the theorem follows 
from Lemma 14.11 and 14.31 Throughout this section, f3 is defined as in ([7]) 

Lemma 4.1. Unconditionally for large T 



f \A{t)\ 2 dt ~ T(logT) fe ?+-+ fc - J] (min{ - A,,gT\f 



where the imiplied constant depends onk= (fci, ...,k m ) and (3. 

Proof. By dyadic summation, it suffices to prove that 

f 2T 1 
/ \A(t)\ 2 dt ~ r(logT) fe ?+-+ fc ™ n (mini, , , logT}) 2 ^ 3 
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From the definition of A(t), we obtain that for x = yT, 

1 r 2T 

lim - / \A(t)\ 2 dt = Y^ 



I f 2T , 4/ ,m2 „ IE„ 1 n 2 ...n ra =,i 1 (m)4 2 h)...4 m (nmK lai ri 2 lQ2 ...< Qra | 2 



Throughout the proof of Lemma 14.11 we will let x = ypT. 
Let 

D U) = \ X! d kl (ni)dk 2 (n2)...dk m (Ti m )nl 



lax -ia 2 -ia m |2 



n\n 2 ...n m — j 



and H(s) = Y^j "ttf- Note that D(j) is a multiplicative function. Therefore, for 
c> 

For 3?(s) > 0, i?(s) converges and 

|fcip-' iQl + fc 2 p- M2 + ... + k mP ' io ""\ 2 



H( S ) = n i+— — — a+ T" — -+° 



11 ^ + ps+l + p.s+1 



o 



C fc?+-+e {s + i)JJ ( s + i + l(aj _ Qj .))^^ ( fl + 1 - i(oi - aj))G(s), 



where G(s) = J\ p (j- + O (^ p sl+ 2 j j is absolutely convergent when 3?s > — |. There- 
fore for a =13^, 

' — ' 7 Z7TI A A S 

By corollary 5.3 in [7], we obtain 
(14) 

\D(n)\ ( x \ x a sr ^\D(n)\ 



2m \ J a _ iY J (a) / s 



' a — iY J (a) 



x ^ n \ Y\x-n\J Y ^ n 1+a 



Let R = k\ + ... + k m and £ = {n : \n — x\ < xj (loga;) 2fl }. Take Y = exp(y / Togx), 
and note that |-D(n)| < d 2 R {n). Also for any positive interger I, 

^^M^Cilogxf+odlogxf), 
so the contribution to the first sum in (fill when n € £ is <C t^tt- When 

(logs)" + 1 

n ^ £ the contribution is 

^ (j2* rU A (logx)2R2 « (losx)3R2 « 



j J Y Y (log • 
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The second sum in (fT4|) is 

J2 



1 dt(j) 1 n i, . 1 
«-> -f^ < -C fl 1 + a < r^—. 

y Y j^" r v ; (iogx) fl + 1 

Therefore the error from truncating the integral to a—iY and a+iY is <C 



(logs) 



Next let b = — lo c y , where c is a small positive constant (c is chosen to be smaller 
than zero- free region constant). Furthermore let 7 be the rectangle with vertices 
a — iY, a + iY, b + iY, b — iY. Inside the rectangle 7, H(s)^- has a pole of order 
kf + ... + k^ + 1 at s = and poles at s = i(a; ± 07). Note that since we assume 
\cti — ctj\ — 0(1), \a{ ± ctj \ < Y. Hence Cauchy's theorem gives 

ra+iY ^ j,s x s x s 

I + H{s)—ds = res s=0 -ff(s)— + 2_,res s=l(Qi _ Qj) i?(s) — . 

J a — iY J the other three sides of 7 ^ ° * 

By theorem 6.7 in [7] we obtain that on the other three sides of 7, ( k i+---+ k ™ (s+l) <C 
(logx) fe i + - +fc ™, and C fcifc3 (s + 1 ± - ay)) < (log x) fcifcj . Therefore iJ(s) < 
(loga:)^ , and the contribution of the integral over the other three sides of 7 is 
« 1 

(loga;)^ 1 " 

Finally we need to show that 

(15) 'a 

Tes s=0 H(s) —+J2res s=i{a ^ aj) H(s)— ~ k>/3 (logx) fc i + - +fc ™ (min{ - — -,\ogx}f kl 

Let W := {(i, j) | limr^oo \cti — ctj \ logT < 00 and i ^ j}, and 

W := {(i, j) I limT^oo \oh — QjllogT = 00 and i 7^ j}. We claim that for any 

(16) res s=l{ai _ a]) H(s)- ^ ((logx) fc ?+-+^ J] ( min i , j , , logs}) 2 ^ ). 



We will provide technical details for the proof of (|T6|) in Appendix 5.2 
Now to prove (fT5")) . we need to show that 



(17) res s=0 H(s) h ^ res s=i(ai _ Qj) #(s) — 

S («j)ew S 

~k,/3 (loga;) fc i + -+ fc -TT(min{ 1 -, logx}) 2 ^ 

zr- \ a i- a 3\ 

(logs) ^ ^ m-r^(», 3)e w • J . 

x x tti — a,- KiK j 

By Cauchy's theorem, 

res s=0 -ff(s) h V res s=l(Qi _ Qj .)i?(s)— = / H(s)— ds, 

S S j ni S 

where we integrate over a circle C" centered at with radius c/logT, where for 
sufficiently large T, c > (3 + 1 {fi is defined in (|7|)) for any (z, j) S W. For s on C 
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and large T, \s\ < 1, and \s ± i(o<i — aj)| < 1 for any (t, j) g VF. By Corollary 1.6 
and 1.7 in [7], we have 



= (J+e«» s ") n ( S _, (a 1 _ a . ) +E a "( s -'^-^))") 

• li c**(-h i mo, o ;ii ^:. 

(ij)ew 

We claim that as x — ► oo, the main contribution of J c , H{s)— ds is 
(18) 

/ 1 TT ^ TT C fcifcj (s+l-i(ai-a ,-))^^da 

J fc ?+... +fe ^ 11 S 2 + a . _ a 2 11 ^ v v s 

By Cauchy's theorem, we obtain that for n > 1 and by > 0, 

/ II (* - - "i)) 64 * II C fclfc3 (s + l-i(a l -a J ))^^^ = 0. 

Hence to prove the claim above, it is sufficient to prove the following two inequali- 
ties. For k\ + ..k^ > n > 0, 

G(s)x s 



k\+...+kl 



f in ( w i(s + ! _ „ aj ))^K ds « (iogx)"+^(-)^ TT 

Jc s f± ' s AA 



- \ati 

l =F3 (i,j)ew 



and for 1 < b pq < k p k q . 



J c , {s - i(a p - a q )f^ AX 



(ij')^(p,?) 

< (logx) (*,J')^(P,?) J| 



The proof of both inequalities above follows easily from the fact that for s on C, 

|C(s + l)| <logar, 

and 

( log a; if € W, 

\C(s + 1 - ifa aj ))\ « | _j_ . f e ^ 

Now we compute the contribution of (fT8|) which also equals 
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where V := k\ + ... + kf n + Y,(i,j)eW 2fcjfcj, 

i<j 



i<3 



1 3 ' ' I n=l n=0 



and 

G(s)= J] C fclfe3 (s + l + *(a,-a J ))G(s). 

Notice that G(s) is analytic on and inside C", and its radius of convergence is 
^> 1/logx. Therefor for s = 0(1/ log x), we can write the Taylor series of G(s) as 
G(s) =E"=o 9ns n - For n > 0, 

1 6„ ~ , (logx) y + 2 " (logx)^ 2 "-' 



] ci ^vTl^G{s)x ds = 90 b n {v + 2n)[ + ^ ^n (F + 2n _ 0! 



Hence (ITT))) equals 



n=0 V ; fc=l n=0 v ; 

^ ~ b n+l (\ogx) 2n ^ ^ 6„ +; (loga;) 2 ™ +1 

+ ^ +L^-iL (2n + 1)! ■ 

Z=l n=0 v ; Z=l n=0 v ' 

We claim that only the first term of the equation above gives the main contribution. 
To show that, we first need to find an upper bound for b n and g^. Let M := 
maK^ j) £W {kikj}, 2w := the size of W, and a = max.uj\ e w \ati — a.j\. We have 



2(/, 



Since there are ( ,u+ ™ 1 1 ) terms such that ^2(ij)ew <kj — n, where dij > 0, we obtain 

i<j 

that for large T and n > 1, 

,2i, w <c»::^)( M +")v<^, 

where co,p depends on to, M. 

Next, let r be the radius of convergence of G(s). Note 1/loga; = o(r). Hence 



limn^oo 2|±I = i = o(logx), and 



ffn + l _ 1 _ 

(22) 

<?n<30Cl(-) « TT | " n7~j7~ (~) = O \ Qogx) n TT .. 

\ r / ■ LX a, — a,- re * re 3 \r J \ - LJ - «i — a,- ■ J / 

\ (i,j)ew ' 

where ci € f depends on G. 
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By ([21"]) . (f22|) and the fact that bo = 1, the second sum of (|20|) is bounded above 

by ' 

Ei i/2\fcn \V-k ( 1 n p (alogx) 2 ™ \ 

< Ei» i(?) i (>og,)"-'f 77 1 w + i:" r(Qlogi,2 " N| 

fc=l V n=0 



f2n + ll! 



o (loga:) v J] 



The sum over n inside is 0(1) because |alogx| < (3 as x — > cxd. 

Now we consider the third sum of ([20]) . From (I2ip . we obtain that for any I > 1, 



v ; ^ + (2rc) ~ ^ IP (2n)\ ~ ^ (2n) 

7i=0 y ' n=0 v ; n=0 v ' 

For the last inequality, we use the fact that for all n > and I >1, < n+1 < 4" . 
The sum over n is also 0(1). By l|22[). (|23|) and the fact that a/r = o(l), the third 
sum is 



«^(e(v) 2 '") n K^-p: -*o«*r n 

Similarly we can conclude that the fourth sum is also o((log x) v Ylf 



\ai — aj\ kik i ^ 



Finally we consider the first term of (|2"0|) . By (T2T|) , the sum of the term is 

i « J- + y « J- + y ^(^iogx) 2 " = ( 

V! ^ (V + 2nV. VI ^ (V + 2n)l [ h 

n— 1 v ' n— 1 v ' 

where the implied constant depends on (3 and k since the sum over n depends on 
|alogx| < (3 for large x. Therefore by (fT8|) - ([20|l . we obtain that 

1 



f H(s)-ds ~ M (log») v TT 

7c ' s (iitw 1 ^ - ^ 



(loga;)' £ i + - +fe - \{ (min{ — ,logx}) 



'1 "1 

i<3 



This concludes the proof of (fT7)) and Lemma T4. II □ 

Let 5i be defined as in ([9]). Also we define 

a J = X! d kl (ni)d k2 (n2)...d km (n m )n^ lai n2 ia2 ...n^ am , 
nin 2 ...n m =j 

and 

oo 

L(s,t) := C(|+ii+«*i+s) ^(g+it+iaa+a) 2 ...C(|+^++s«am) m = ^ 1 /9 

n— 1 

To calculate the lower bound for 5i we need the following approximation for L(0, t). 
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Lemma 4.2. Let w = 6(h + ... + k m ). For large T, and T < t < 2T, 

a " e -" /T1 " + O ( - 



n<T 2 ' 



where the implied constant depends on h — (fci, k m ). 
Proof. For c > i , by integrating term by term, we obtain 



[ L(s,t)T(s)x s ds = V -^-e""/ 3 



For the integral on the left hand side, we shift to the vertical line (-1/3). In doing 
so, we pick up the residues of the integrand at the poles of L(s,t), whose the real 
part is 1/2, and at s = 0. Therefore, 

m 

( 24 ) E ^h-s n/x - m *) + E ™ s i it - ia A s > + 1> 

n j=l 

where 

1=1 L(s,t)T{s)x s ds. 

J (-1/3) 

By Theorem 7 on p 146 in [13] . 

|C (i + i(t + a, + y)) | « \t + a, + y| 5 / 6 « |T + y| 5 / 6 , 

since ay < loglogT. It follows that L(-l/3 + iy,t) < |T + y \Hki+-.+k m )/6 ^ Also 
for large y, 

|r(-l/3 + i y)«|y|- 5 / 6 e -^ 2 . 

Therefore 

/ rpkl+...+k m \ 1 / 3 1 

(25) 7 <<k r (/c 1+ ... +fem )/2 / ^ \ <<; 



.T 



y7(fei + .. + fe m )/6 • 



upon choosing x — T w . Furthermore, 

(26) Ejku e - n/X = E ^7^+0(1). 

n<T 2 " 



Finally we need to show that 

m 

(27) £res r £(M)r( S K = - 



3=1 

Let Ji, J2, Jjj be a partition of {ai, a2, a m } such that for any g, and any 
ai, oij € J<j, |«i — ay I = 0(1/ logT). Also we have for each A;, 

E TCS s -^- it - ia L ( s ,t) r (s)x s = I L(s,t)T(s)x s ds, 

Cli£jq 

where we integrate over a circle centered at ^ — it — icti with radius c/ log T, where 
c/ logT > \oti — ay I for any ay € J 9 . Note that we can choose on to be any element 
in J q . By Stirling's formula for the Gamma function and since (^(1/2+it+iaj + s) <C 
logT for any ot 3 and s on the circle, we obtain that 

L(s,t)T(s)x s ds = 0{^), 
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and equation (|27|) is proved. The lemma follows from ([24]) - (f27|) . 
Now we are ready to find the lower bound for Si. 



a 



Lemma 4.3. Let K(y) be a nonnegative bounded function in C°°(R) and compactly 
supported in [1,2], and let x = y/T. Unconditionally, for large T, we have 



Si » kij8 T(logT) fe ?+-+ fc "* J] (min{ 1 , ,logT}) 

. . \Cti Ctj 

Proof. From Lemma 14.21 

/ /m 



A(t)# 



dt 



* E 



n<x 



(mn) 1 / 2 



By Cauchy-Schwarz and the boundedness of K, 

2T 



\A(t)\K 



dt < 



|A(t)| 



« T2 



27' 



|A(t)| 2 dt 



< k;/3 T (logT) 



(t;+...+*y/a 



J](min{^— ,logT}) fci ^ I 
t<Y \ a i~ a l\ J 



where the last inequality is obtained from Lemma 14.11 Hence the error term is 
bounded by T e for any small e > 0. Now we consider the sum. Since e~ n l T ™ < 1, 
the sum equals 

/ \ 



y K^_ e -„/T"^ (0) + Q 



n < x 
\m<T 2 ' 



J 



Since n < x = \/T, Tlog (a) > T 1 / 4 . Also for positive integer r, K(£) < r i, an d 
|a m | <C C to 6 . Therefore, 



E 

n<x 
m<T 2v 



|am||an| 



(mn) 1 / 2 



^A(Tlog(-jj«,- 



For the main term, since 1/e < e ™/ T for n < a; we have 



£ i^U-^O) » £ M_ (logT ) 

n<x n<x 

by Lemma |4. II This proves the lemma. 



kl + ...+k 2 n 



JJ(min{, r,logT}) 

11 lai — a,- 1 



□ 
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5. Appendix 
5.1. Here we will show that Ck in pip exists. Let 

I{ } 3! + 5! "• ^ [ ' (2n + l)V 

n— 

It is clear that f(z) = f(—z) for all z, and f(z) is an analytic continuation of sl " J z . 
For j ^ I, bji = /(/ij — m). Also notice that 1 = bjj — lim a _>o = /(Mj — Mj)- 

The denominator of the right hand side of (|TT|) has the factor of the form — 
//;) 2 . Specifically, A 2 (2nfii, 2n^ 2 k) — Ylj^i^^j — 27r/i/) 2 . Hence to prove that 
the limit in exists, it is enough to show that the numerator also has a factor 
of (/ij — /i;) 2 as fXj — > /i;, where j,^ are both elements in {l,...,2fc} or both in 
{2fc+ l,...,4fc}. 

We start by subtracting the first row of the matrix (bji) from the j th row, where 
j = 2, 2k, and divide row j by the factor of \ij — Furthermore, we subtract 
the (2k + l) th row from the i th row, where i = 2k + 2, ...,4k and divide row i by 
the factor of fij — M2fc+i- Define this new matrix as (p\ t ji)- Hence 

2k 

det(bji) = det(bi tj i) JJ(Mj ~ Vi)(p2k+j - M2fc+i)- 

3=2 

Since lim Ala ^ AIj — ^- > _^ A1 " A1 '~ > = /'(//j — fJ,i), we obtain that as fix — > Mi (or 

M2fc+i -> H2k+i,) -> f {iH - Mi)> where i = 2, ...,2k, 2k + 2, ...,4k. 

Next we subtract the second row of the matrix (b\ji) from the j th row, where 
j = 3, ...,2k, and divide row j by the factor of fXj — M2- Also we subtract the 
(2k + 2) th row from the i th row, where i = 2k + 3, ...,4fc and divide row i by the 
factor of — M2&+2- Define this new matrix as (b 2 ji). Hence 

2k 

det(bi d i) = det(&2ji) _Q(Mj - ^2)(^2k+ - M2/C+2), 
i=3 

and as \x 2 — > Mi (or M2/C+2 — > M2fc+i>) b 2 ,u — ► /"(Mi - M*)j where i = 3, 2fc, 2fc + 
3, ...,4fc. 

Now we continue procedures as above. At step m , where m = 2, ...,2k — 1, 
we subtract the m" 1 row of the matrix (b m -i.ji) from the j row, where j = 
m + 1, ...,2k, and divide row j by the factor of /ij — /i m . Also we subtract the 
(2k + m)*' 1 row from the i th row, where i = 2k + m + 1, 4fc and divide row i by 
the factor of /Zj — M2fc+m- Define this new matrix as (b m ,ji)- We conclude that 

dct(bji) = det(b 2 k-i,ji)J\(pj - Mi)- 

Also where 1 < i < j < 2k, b 2k -\^i — > j'- 7 ^(Mj — Mz)> anc ^ as 

M2fc+i -> M2fc+j, where l<i <j <2k, b 2 k-i,{2k+j,l) -» f^^H^k+j ~ mO- 

Next we repeat the steps above on columns instead of rows. This eventually 
gives 



(28) 



det(&j-;) = det(cj-i) JJ(Mi - M*) 2 - 
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As pn — > fij, H2k+i — * H2k+j, Mj —> 0, and /i2fc+j — * c/2n, where 1 < i < j < 2k, we 
have 

r p +i - 2 (o) if i<j,i<2k, 

Cji -► < /i+»-**- a (0) if 2fc + 1 < j, i < 4fc, 
[ .P+'- 2fc - 2 (^) otherwise. 
From above and (|2"5)) . Cfc in (jlip exists. 



5.2. In this section, we will prove (fl6|) . Recall that 



and 



W:={(i,j) | lim |o, — ctj\ logT < oo and i ^ j}, 

T — >oo 



VK:={(i,j) | lim |ct; — <x, | logT = oo and i =/= j}. 

T — >oo 



Without loss of generality, we can assume that in (|16p is (1,2). Let Vq be 

subsets of W such that (p, q) £ V if and only if \(a p — ot q ) — (ai — a 2 )| = 0(1/ log T). 
It is sufficient to prove that the contribution of 

rj.S 

res s = i (" P -",) i/ ( s )— 

is negligible. By Cauchy's theorem, we have the sum of the residues in §TE\i is equal 
to 

I c fc?+...+C( s + i) Y[ c k ^ (s + 1 - 1(04 - ^))G(s)^ ds, 

where the integral is over a circle C centered at i(ui — a 2 ) and with radius c/ logx, 
where c/logx > |(a p — a q ) — (a\ — a 2 )| + 1/logx for (p, q) £ Vq. From Corollary 
1.7 in [7], if |s + ia\ < -B, where s + ia / 0, and -B is a positive real number, 
then C(l + s + ia) — s ^ ia + 0(1), where the implied constant depends on B. Since 

1/logx = o(\a\ — a 2 |), for s on the circle C, 

(29) C(s + 1)«, ,. 

\a x - a 2 \ 

If £ W 7 , then |(a^ — «j) — («i — a 2 )| ~ |ai — a 2 |, and for s on the circle C, 

(30) C(« + 1 - - « i — - — r- 

|«i - a 2 | 

If (i, j) is in V then for s on the circle C, 

(31) C( s + 1 - - aj)) <C logo;. 
If (i, j) £ W but is not in Vq, we have three cases. 

• Let Vx C W\V such that (i, j) £ Vi if lim T _>oo |°*Z° 2 | < °°> and lim T^oo 



1. Then for s on the circle C, 

1 



(32) C(s + 1 - *(ai - aj)) < 



a, - a 



• Let F 2 C W\V such that (i, j) S F 2 if lim-r^ ^Z" 2 , 1 = oo. Then for s 
on the circle C, 

1 



(33) C(s + 1 - i(oj - ay)) < 
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• Let V 3 C W\V such that (i,j) g V 3 if lim T -«x, ( ^ZT\ = 1 - Th en for s on 
the circle C, 

1 



(34) C(s + 1 - i{pn - aj)) < 



(«j - aj) - (ai - a 2 )| ' 
Remark 1. Since (i,j) g V3, if is ctear ttaf j( a ._ a .)l( ai _ a2 ) | — o(loga;). 



Note that all implied constants above depend on a. From (J29J) - (j34|) . we obtain 
that 



I" 1 " 2 1 (ij)eVo (i,j)6Vi 



n 17— n K«i-^)-(ai-« 2 )i 



Q!1 — Qfo 



Remark 2. If(i,j) g Vb, i/ierc (a, — ay) = (ai — 02) + 0(1/ logT). Therefore (j,i) 
cannot be in Vq. Similarly, if (i,j) g V3, (j, i) £ V3. 

We know that lim^^oo |«i — a 2 | log a; = 00. Therefore to prove that the right 
hand side of the above inequality is 

o ( (\ogx) k * + - +k ™ I] (min{ 1 | ,logx}) fc<fcj 

- ofoog^-^ww^. n 1 n 



. TT i TT i 

it is enough to show that 

^ \ 'l+'-'+'m+EpjiEwu^ kikj — Yl(i,j)ev uv 3 kikj 



(35) 



ai - a 2 



O I (logx)' C i + '" + ' i ''™ + ^-'( i ^') evl ' fc * fej ^('J)ei'o ■ J^J 



n 



1 



-ay) - (ai - a 2 )| ***** / ' 

We start proving the above by showing that 

(36) kj + ... + kf n + k * k 3~ fc ^i>°- 

(»,i)ew (i,j)ev 

Here we define a bipartite graph G with k±, fc 2 , k m , — fci, — fc m as its vertices. 
There is an edge between k p and — k q if and only if (i,j) g Vq. Hence the set of 
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edges of G corresponds to the set Vq. Moreover, let G have t connected components. 
We claim that G has the following properties: 

(1) If ki and —kj, where i ^ j, are in the same component, then G Vq, 
i.e. there is an edge between ki and — kj. 

(2) If ki and kj (or — ki and —kj) are in the same component, \oci — aj\ = 
0(i5b),i-e. (i,j)e W. 

(3) ki and —ki are not in the same components. 

(4) If ki,—kj are in the same component, then —ki,kj cannot be in the same 
component. 

(5) At least one component in G has only one vertex. 

Proof of property (1): Since ki and — kj are contained in the same components, 
there are edges (ki, — k mi ), (— k mi , k m2 ), (k m2 , — k m3 ), (k m2r , — kj) connecting ki 
to —kj. This can be intepreted as \(oti — a mi ) — (a± — ot 2 )\, \(oi m2 — a mi ) — (cti — 
a 2 )\, \(a m2r -otj)-(oti-a 2 )\ = 0(l/\ogx). Hence \cti-a m2 \, \a m2 -a„ l4 \, \a m2( 
a m 2r \ = 0(1/ log x). This gives that \on — a m2r \ = 0(1/ log x), and we obtain that 

\(ai - ctj) - (ai - a 2 )\ < \(<Xi - a m2r )\ + \(a m2r - a 3 ) - (at - a 2 )\ = 0(1/ log x). 

This proves the first property. 

Proof of property (2): We will prove only for a case of ki and kj because the same 
arguments are applied to the proof of the negative sign case. Since ki and kj 
are in the same components, by property (1), there are two edges (ki,—k{) and 
(— ki,kj) linking between ki and kj. This means that |(aj — a;) — (a\ — a 2 )\ and 
\(aj — ai) — (ai — a 2 )\ = 0(1/ log x). Hence \aa — ctj\ — 0(l/loga;). 

Proof of property (3): If ki and —ki are contained in the same components, then 
by the same reasonings as the proof of property (1), we have that | (a,; — a/) — (a% — 
a 2)\ — 0(1/ log a;), which is impossible since (1,2) £ W. 

Proof of property (4): This follows from Remark [2l 



Proof of property (5): Suppose every components had at least two vertices. Then 
we can find edges (k h ,-ki 2 ), (k h , —ki 3 ), (k h , -fc; 4 ), (h r , -k h ) in G such that 
li 7^ lj for i =/= j. This can be intepreted as 

a h ~ a u+i = a i - a 2 + 0(1/ logx), 

for i — 1, ...,r — 1, and 

air - a h = a i - a 2 + 0(1/ logx). 
Summing up all equations above, we have 

= a h - a h = r(ai - a 2 ) + 0(1/ logx). 
This contradicts the fact that (1, 2) € W. 

We are ready to prove (|3l)l) . Let Ci,C 2 , ...,Ct are components of graph G. Let 
p j = UT, Vi is a vertex in c 3 v if B y property (5), at least one of P' ]S is v) > 1 > 0. 
By property (3), Pi + ... + Pt contains a term k\ + ... + k^. By definition of G and 
properties (1) and (4) , the coefficient of kikj, where (i,j) £ Vq, in Pi + ... + P t 
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is -1. Finally by property (2), the coefficient of kikj, where £ W, is or 1. 
Hence ([36]) follows from property (1) - (5) and the fact that 

(Pi + ... + p t )> ]T Pj>o. 

j:Cj has at least two vertices 

Next we define an equivalence relation on V3 as follow: («i, ji) is equivalent to («2j J2) 
if and only if < hmr^oo j(° n < 00 • Let V3 have d equivalence 

classes, say Wi, ...,Wd, and we let {/i(T), / 2 (T), /^(T)} be representatives of 
each equivalence class. Furthermore, for all k — l,..,d— l,limj^oo fl^T) = 0- 
Observe that = o(/ fe (T)), and fk(T) — o(\a\ — a%\). We will now define a 

simple graph Gi corresponding to fi{T). In fact, Gi is defined in a similar way to 
G. 

Gi has fci, /c2, k m , — fci, — fc m as its vertices. There is an edge between k p 
and — k q if and only if £ W and \(c*i — ay) — {a\ — aa)| = 0(fi(Tj). Hence 
the set of edges of Gi corresponds to the set of Vo U W\ U ... U Wi. Moreover, let Gi 
have ti connected components. We claim that Gi has the following properties: 

(1) If fci and —kj, where i =/= j, are contained in the same components, then 

— aj) — (cti — aa)| = 0(fi(T)), i.e. there is an edge between ki and 

-kj. 

(2) If ki and kj (or —fci and —fci) are contained in the same components, 



a* - a 



O(MT)). 



(3) fci and —fci are not in the same components. 

(4) If fci, —kj are in the same components, then —fci, kj cannot be in the same 
components. 

(5) At least one component in Gi has only one vertex. 

The proof of properties above of Gi can be shown in the same way as the proof of 
properties of G, and we use the fact that fi(T) = o(\ot\ — a^D- From property (1) 
- (5) of Gi, we can conclude that 

(37) kl + ...kf n + k * k i- H hkj>0, 

(i.j)ewuWi {i,j)ev uWiU...uWi 

where Wi is a subset of V2 such that \oti — ay| = 0(fi(T)). 
By ([3"B]) and the fact that j^tj^ — o(logx), we obtain that 

J V ;/ (t,j)6V 2 \Wi 14 31 



n 



(«i - a,) - (ai - a 2 )| feifej 



O I (logx) fe i + '" + fe " I+ ^( i ^'' e "'' fclfej_ ^(».3)eVo fclfe J • Y[ 



n 
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Since limT^oo / k f = 0, by induction and (|37[) . for I = 1, ..,d— 1 we obtain that 

n 

(i,j)ev 2 \iv !+ i 



1 \ fe i + --- fc ™+^(i,j)ewuw !+1 2fci ' £ J~^(i,j)ev' uw 1 u...u»vjr i kik ? 



fi+iiT) 



n 



_ - a,-) - (ai - a 2 )\ k * k J 
(i,j)ev 3 \(WiU...uWi+i) 

k l+--- k m+12li,j)£WUW l kik 3~^(iJ)€V UW 1 U...UW l k * k 3 



n 



n 

(u 3 )ev 3 \(w 1 u...uw l ) 



{ai - otj) - (ai - a 2 )| 



Finally since \ a J_ a2 \ = °( jjFr) )i by two equations above, we derive (|35|) . 
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